The aim of this paper is to give a unifying description of various constructions (subanalytic, semialgebraic, o-minimal site) and the corresponding theory of sheaves using (a slight modification of) the notion of T -topology due to Kashiwara and Schapira.
Introduction
The aim of this paper is to give a unifying description of various constructions (subanalytic, semialgebraic, o-minimal site) using a slight modification of the notion of T -topology introduced by Kashiwara and Schapira in [23] . Sheaf theory on locally semialgebraic spaces was studied in [6] . Subanalytic sheaf theory was introduced in [23] and then developed in [27] . O-minimal sheaf theory was introduced in [15] in the definable case but it can be applied also to the locally definable case. Note that since locally semialgebraic spaces are locally definable spaces in a real closed field and real closed fields are o-minimal structures and, relatively compact subanalytic sets are definable sets in the o-minimal expansion of the field of real numbers by restricted globally analytic functions, both the semialgebraic and subanalytic sheaf theory are special cases of the o-minimal sheaf theory. The idea of all of these constructions is the same: on a topological space X one chooses a subfamily T of the open subsets of X satisfying some suitable hypothesis, and for each U ∈ T one defines the category of coverings of U as the topological covering {U i } i∈I ⊂ T of U admitting a finite subcover. In this way one defines a site X T . This idea was already present in [23] . So it is natural to study the category of sheaves on X T (called Mod(k T )) and treat in a unifying way all the previous construction. Moreover, the exigence to treat some non Hausdorff cases (as conic subanalytic sheaves which are related to the extension of the Fourier-Sato transform [28] ) and the non-standard setting which appears naturally in the o-minimal context, motivates a slight modification of the definition of [23] .
We call a topological space X with such a subfamily T of open subsets a T -space and the associated Grothendick topology the T -topology. Given a T -space X we study the category of sheaves on the site X T . The natural functor of sites ρ : X → X T induces relations between the categories of sheaves on X and X T , given by the functors ρ * and ρ −1 . Moreover when X is locally weakly quasi-compact (a generalization of locally compact spaces which includes also Noetherian, spectral and locally spectral topological spaces) there is a right adjoint to the functor ρ −1 , denoted by ρ ! . We introduce the category of T -flabby sheaves (known as sa-flabby in [6] and as quasi-injective in [27] ): F ∈ Mod(k T ) is T -flabby if the restriction Γ(U ; F ) → Γ(V ; F ) is surjective for each U, V ∈ T with U ⊇ V . We prove that T -flabby sheaves are acyclic with respect to the functor Γ(U ; •), for U ∈ T . More generally, if one introduces the category Coh(T ) ⊂ Mod(k X ) of coherent sheaves (i.e. sheaves admitting a finite resolution consisting of finite sums of k U i , U i ∈ T ), then T -flabby sheaves are acyclic with respect to Hom k T (ρ * G, •), for G ∈ Coh(T ). Coherent sheaves also give a description of sheaves on X T : for each F ∈ Mod(k T ) there exists a filtrant inductive family {F i } i∈I such that F ≃ lim − → i ρ * F i . Then we prove that as in [15] the category of sheaves on X T is equivalent to the category of sheaves on a locally quasi-compact space X T , the T -spectrum of X, which generalizes the notion of o-minimal spectrum.
Our theory can then be specialized to each of the examples we mentioned above: when T is the category of semialgebraic open subsets of a locally semialgebraic space X we obtain the constructions and results of [6] , when T is the category of relatively compact subanalytic open subsets of a real analytic manifold X we obtain the constructions and results of [23, 27] , when T is the category of definable open subsets of a locally definable space X we obtain in the definable case the constructions of [15] . Moreover, when T is the category of conic subanalytic open subsets of a real analytic manifold X we obtain a suitable category of conic subanalytic sheaves.
The paper is organized in the following way. In Section 1 we introduce the locally weakly quasi-compact spaces and study some properties of sheaves on such spaces. The results of this section will be used in two crucial ways on the theory of sheaves on T -spaces, they are required to show that: (i) when a T -space X is locally weakly quasi-compact, then there is a right adjoint ρ ! to the functor ρ −1 induced by the natural functor of sites ρ : X → X T ; (ii) for a T -space X, category of sheaves on X T is equivalent to the category of sheaves on a locally quasi-compact space X T , the T -spectrum of X. In Section 2 we introduce the T -spaces and develop the theory of sheaves on such spaces as already described above. Finally on Section 3 we apply our theory to the main examples.
Sheaves on locally weakly quasi-compact spaces
Let X be a non necessarily Hausdorff topological space. One denotes by Op(X) the category whose objects are the open subsets of X and the morphisms are the inclusions. In this section we generalize some classical results about sheaves on locally compact spaces. For classical sheaf theory our basic reference is [20] . We refer to [29] for an introduction to sheaves on Grothendieck topologies.
Locally weakly quasi-compact spaces
Definition 1.1.1 An open subset U of X is said to be relatively weakly quasi-compact in X if, for any covering {U i } i∈I of X, there exists J ⊂ I finite, such that U ⊂ i∈J U i .
We will write for short U ⊂⊂ X to say that U is a relatively weakly quasicompact open set in X, and we will call Op c (U ) the subcategory of LWC1. Every x ∈ U has a fundamental neighborhood system {V i } with V i ∈ Op c (U ).
LWC2. For every
U ′ ∈ Op c (U ) and V ′ ∈ Op c (V ) one has U ′ ∩V ′ ∈ Op c (U ∩V ).
LWC3. For every
Of course an open subset U of a locally weakly quasi-compact space X is also a locally weakly quasi-compact space.
Example 1.1.3 Let us consider some examples of locally weakly quasicompact spaces:
1. A locally compact topological space X is a locally weakly quasi-compact. In this case, for U, V ∈ Op(X) we have V ⊂⊂ U if and only if V is relatively compact subset of U .
2. Let X be a topological space with a basis of quasi-compact open subsets closed under taking finite intersections. Then X is locally weakly quasicompact and, for U, V ∈ Op(X) we have V ⊂⊂ U if and only if V is contained in a quasi-compact subset of U . In this situation we have the following particular cases:
• X is a Noetherian topological space (each open subset of X is quasi-compact). This includes in particular: (a) algebraic varieties over algebraically closed fields; (b) compact complex varieties (reduced, irreducible complex analytic spaces) with the Zariski topology.
• X is a spectral topological space (in addition: (i) X is quasicompact; (ii) T 0 ; (iii) every irreducible closed subset is the closure of a unique point). This includes in particular: (a) real algebraic varieties over real closed fields; (b) the o-minimal spectrum of a definable space in some o-minimal structure.
• X is an increasing union of open spectral topological spaces X i 's, i.e. X is the space i∈I X i . This space X has a basis of quasicompact open subsets closed under taking finite intersections and in addition is: (i) not quasi-compact in general unless I is finite; (ii) T 0 . This includes in particular: (a) the semialgebraic spectrum of locally semialgebraic space; (b) more generally, the o-minimal spectrum of a locally definable space in some o-minimal structure.
3. Let E be a real vector bundle over a locally compact space Z endowed with the natural action µ of R + (the multiplication on the fibers). Leṫ E = E \ Z, and for U ∈ Op(E) set U Z = U ∩ Z andU = U ∩Ė. Let E R + denote the space E endowed with the conic topology i.e. open sets of E R + are open sets of E which are µ-invariant. With this topology E R + is a locally weakly quasi-compact space and, for U, V ∈ Op(E R + )
(the later isĖ with the induced conic topology).
Sheaves on locally weakly quasi-compact spaces
Recall that X is a non necessarily Hausdorff topological space. Definition 1.2.1 Let U = {U i } i∈I and U ′ = {U ′ j } j∈J be two families of open subsets of X. A refinement U ′ → U consists of a map ε : J → I of the index sets and a family of inclusions U ′ j ⊂ U ε(j) . One denotes by Cov(U ) the category whose objects are the coverings of U ∈ Op(X) and the morphisms are the refinement maps, and by Cov f (U ) its full subcategory consisting of finite coverings of U .
Given V ∈ Op(U ) and S ∈ Cov(U ), one sets
The site X f on the topological space X is the category Op(X) endowed with the following topology: S ⊂ Op(U ) is a covering of U if and only if it has a refinement S f ∈ Cov f (U ). Let F ∈ Psh(k X ), and let S ∈ Cov(U ). One sets
Definition 1.2.5 A presheaf F is separated (resp. is a sheaf ) if for any U ∈ Op(X) and for any S ∈ Cov(U ) the natural morphism
is a monomorphism (resp. an isomorphism). One denotes by Mod(k X ) the category of sheaves of k-modules on X.
Let F ∈ Psh(k X ), one defines the presheaf F + by setting
One can show that F + is a separated presheaf and if F is a separated presheaf, then F + is a sheaf. Let F ∈ Psh(k X ), the sheaf F ++ is called the sheaf associated to the presheaf F . Lemma 1.2.6 For F ∈ Psh(k X ), and let U ∈ Op(X). If F is a sheaf on X f , then for any V ∈ Op c (U ) the morphism
Proof. Let S ∈ Cov(U ), and set
The result follows because
With the hypothesis of Lemma 1.2.6, we consider two coverings S ∈ Cov(U ) and T ∈ Cov(V ). If T ⊂⊂ S, then the morphism
factors through F (T ). In particular, if T is finite, then the morphism (1.2) factors through F (V ).
From now on we will assume the following hypothesis:
(1.3) the topological space X is locally weakly quasi-compact.
, the family {V x } forms a covering of U . Then there exists a finite subfamily {V j } containing V . By construction
Proof. Since X is locally weakly quasi-compact, there exists W ∈ Op c (U ) with V ⊂⊂ W . As in Lemma 1.2.6 we obtain a diagram
Since X is locally weakly quasi-compact then for any
factors through F (V ) and the result follows. 2
(ii) for any U ∈ Op(X) one has the isomorphism lim ← −
Proof. (i) By Lemma 1.2.9 for each U ∈ Op(X) with U ⊃⊃ V we have a commutative diagram
This implies that the identity morphism of lim − →
On the other hand this also implies that the identity morphism of lim − →
The proof of (ii) is similar. 
is an isomorphism.
Proof. It follows immediately from Corollary 1.2.10 (i) with V = X. 2
Let {F i } i∈I be a filtrant inductive system in Mod(k X ). One sets 
Proposition 1.2.12 Let {F i } i∈I be a filtrant inductive system in Mod(k X ) and let U ∈ Op(X). Then for any V ∈ Op c (U ) the morphism
Proof. By Lemma 1.2.9 it is enough to show that "lim − → "
commutes with finite projective limits we obtain the isomorphism ("lim − → "
(ii) For any U ∈ Op(X) one has the isomorphism lim ← −
Proof. It follows from Corollary 1.2.10 with
Corollary 1.2.14 Let X be a quasi-compact and locally weakly quasi-compact space. Then the natural morphism
Proof. It follows from Corollary 1.2.11 with
Let us consider the formula
, since every open set is quasi-compact and (1.6) becomes 
(iv) Let E R + be a vector bundle endowed with the conic topology, and let V ∈ Op 
Then we have the isomorphism
Proof. The result follows since for each
Taking the projective limit we obtain the result. 2 [26] for this approach.
Remark 1.2.17 The notion of locally weakly quasi-compact can be extended to the case of a site, by generalizing the hypothesis LWC1-LWC3. For our purpose we are interested in the topological setting and we refer to

c-soft sheaves on locally weakly quasi-compact spaces
Let X be a locally weakly quasi-compact space, and consider the category Mod(k X ).
It follows from the definition that injective sheaves and flabby sheaves are c-soft. Moreover, it follows from Corollary 1.2.13 that filtrant inductive limits of c-soft sheaves are c-soft.
, and assume that F ′ is c-soft. Then the sequence
There exists W ∈ Op c (U ) with W ⊃⊃ V , a finite covering {W j } n j=1 of W and a map ε : J → I of the index sets such that W j ⊂⊂ U ε(j) . We may argue by induction on n. If n = 2,
, and its restriction defines an element of lim − →
By replacing s 1 with s 1 − s ′ on W 1 we may assume that
Thus the induction proceeds. 2
Proof. Let V, W ∈ Op c (X) with V ⊂⊂ W and let us consider the diagram below
The morphism α is surjective since F is c-soft and β is surjective by Proposition 1.3.2. Then γ is surjective. 2
Proposition 1.3.4 The family of c-soft sheaves is injective respect to the functor lim
Proof. The family of c-soft sheaves contains injective sheaves, hence it is cogenerating. Then the result follows from Propositions 1.3.2 and 1.3.3. 2
Assume the following hypothesis (1.7) X has a countable cover {U n } n∈N with U n ∈ Op c (X), ∀n ∈ N.
Proof. Let {U n } n∈N be a countable cover of X with U n ∈ Op c (X) for each n ∈ N.
Up to take a permutation of N we may assume x ∈ U n+1 . Since X is locally weakly quasi-compact there exists
7). Then the category of c-soft sheaves is injective respect to the functor Γ(X; •).
Proof. Take an exact sequence 0 → F ′ → F → F ′′ → 0 , and suppose
are exact by Proposition 1.3.2, and the morphism
is surjective for all n. Then by Proposition 1.12.3 of [20] the sequence
Mod(k X ) and the result follows. (ii) When X has a basis of quasi-compact open subsets
(iii) When X is a locally compact space countable at infinity, then we recover c-soft sheaves as in chapter II of [20] .
(iv) When E R + is a vector bundle endowed with the conic topology, then 2 Sheaves on T -spaces.
In the following we shall assume that k is a field and X is a topological space. Below we give the definition of T -space, adapting the construction of Kashiwara and Schapira [23] . We study the category of sheaves on X T generalizing results already known in the case of subanalytic sheaves. Then we prove that as in [15] the category of sheaves on X T is equivalent to the category of sheaves on a locally weakly-compact topological space X T , the T -spectrum, which generalizes the notion of o-minimal spectrum.
T -sheaves
Let X be a topological space and let us consider a family T of open subsets of X.
Definition 2.1.1 The topological space X is a T -space if the family T satisfies the hypotheses below
(2.1)      (i) T
is a basis for the topology of X, and ∅ ∈ T , (ii) T is closed under finite unions and intersections, (iii) every U ∈ T has finitely many T -connected components,
where we define:
• a T -subset is a finite Boolean combination of elements of T ;
• a closed (resp. open) T -subset is a T -subset which is closed (resp. open) in X;
• a T -connected subset is a T -subset which is not the disjoint union of two proper clopen T -subsets.
Let X be a T -space. One can endow the category T with a Grothendieck topology, called the T -topology, in the following way: a family {U i } i in T is a covering of U ∈ T if it admits a finite subcover. We denote by X T the associated site, write for short k T instead of k X T , and let ρ : X → X T be the natural morphism of sites. We have functors
In particular the functor ρ * is fully faithful.
In particular, when
T forms a basis for the topology of X, hence we get an isomorphism
and the result follows. 2
U ∈ T and let S be a finite covering of U . Since lim − → i commutes with finite projective limits we obtain the isomorphism ("lim − → "
and
once again the functor (·) + we get
Hence applying the functor Γ(U ; ·) we obtain the isomorphism lim
Proposition 2.1.4 Let F be a presheaf on X T and assume that
Proof. Let U ∈ T and let {U j } n j=1 be a finite covering of U . Set for short U ij = U i ∩ U j . We have to show the exactness of the sequence
where the second morphism sends (s k ) 1≤k≤n to (t ij ) 1≤i<j≤n by t ij = s i | U ij − s j | U ij . We shall argue by induction on n. For n = 1 the result is trivial, and n = 2 is the hypothesis. Suppose that the assertion is true for j ≤ n − 1 and set U ′ = 1≤k<n U k . By the induction hypothesis the following commutative diagram is exact
Then the result follows. 
T -coherent sheaves
Let us consider the category Mod(k X ) of sheaves of k X -modules on X, and denote by K the subcategory whose objects are the sheaves F = ⊕ i∈I k U i with I finite and U i ∈ T for each i.
Definition 2.2.1 Let T be a subfamily of Op(X) satisfying (2.1), and let
(
iii) F is T -coherent if it is both T -finite and T -pseudo-coherent.
Remark that (ii) is equivalent to the same condition with "G is T -finite" instead of "G ∈ K". One denotes by Coh(T ) the full subcategory of Mod(k X ) consisting of T -coherent sheaves. It is easy (see [21] , Exercise 8.23) to prove that Coh(T ) is additive and stable by kernels.
Proposition 2.2.2 Let U ∈ T and consider the constant sheaf
Hence F ++ ֒→ ρ * k U since the functor (·) ++ is exact. Let S ⊆ T be the subfamily of T -connected elements. Then S forms a basis for the Grothendieck topology of X T . For each W ∈ S we have
Proof. Let us consider an epimorphism G ։ F in Coh(T ), we have to prove that ψ : ρ * G → ρ * F is an epimorphism. Let U ∈ T and let
given by the multiplication by a i ∈ k. Set I 0 = {k U i ; a i = 0}, we may assume a i = 1. We get a diagram
Hence for each s ∈ Γ(U ; ρ * F ) there exists a finite covering {U i } of U and (ii) The category Coh(T ) is stable by
Proof. (i) The result follows from a general result of homological algebra of [22] , Appendix A.1. With the notations of [22] let P be the set of finite families of elements of T , for U = {U i } i∈I ∈ P set
By Proposition A.1 of [22] in order to prove (i) it is enough to prove the properties (A.1)-(A.4) below:
(A.2) For any morphism g : V → W in P, there exists a morphism f :
(A.3) For any epimorphism f : F → G in Mod(k T ), U ∈ P and ψ ∈ H(U , G), there exists V ∈ P and an epimorphism g ∈ Hom P (V, U ) and
(A.4) For any U , V ∈ P and ψ ∈ H(U , L(V)) there exists W ∈ P and an epimorphism f ∈ Hom P (W, U ) and a morphism g ∈ Hom
It is easy to check that the axioms (A.1)-(A.4) are satisfied.
(ii) Let F ∈ Coh(T ). Then F has a resolution
with I and J finite. Let V ∈ T . The sequence
is exact. The sheaves G U i and G U j are coherent for each i ∈ I and each j ∈ J. Hence it follows by (i) that G ⊗ k T F is coherent as required. (ii) The category Coh(T ) is stable by
Proof. (i) The stability under finite sums and kernels is easy, see [21] , Exercise 8.23. Let F, G ∈ Coh(T ) and let ϕ : F → G be a morphism in Mod(k X ). Then ρ * (ϕ) is a morphism in Mod(k T ) and coker(ρ * ϕ) ∈ Coh(T ) 
(ii) Let F ∈ Mod(k T ). There exists a small filtrant inductive system
Proof. (i) There exists an exact sequence (ii) Let F ∈ Mod(k T ), and define
Hence we get an exact sequence
The category J is filtrant and
Corollary 2.2.8 Let G ∈ Coh(T ) and let {F i } be a filtrant inductive system in Mod(k T ). Then we have an isomorphism
Proof. Let U ∈ T . We have the chain of isomorphisms
where the first and the third isomorphism follow from Theorem 2.2.7 (i). the fact that G U ∈ Coh(T ) follows from Theorem 2.2.5 (ii). 2
T -sheaves on locally weakly quasi-compact spaces
Assume that X is a locally weakly quasi-compact space.
Proof. Since X is locally weakly quasi-compact we may find W ∈ Op c (X) such that U ⊂⊂ W . By (2.1) (i) we may find a covering {W i } i∈I of X with W i ∈ T and W i ⊂⊂ X for each i ∈ I. Then there exists a finite family
When X is locally weakly quasi-compact we can construct a left adjoint to the functor ρ −1 . Proposition 2.3.2 Let F ∈ Mod(k T ), and let U ∈ Op(X). Then
Proof. By Theorem 2.2.7 we may assume
We have the chain of isomorphisms
where the first and the fourth isomorphisms follow from Lemma 1. 
Proof. Let F ∈ Psh(k T ) be the presheaf U → lim − → U ⊂⊂V Γ(V ; F ), and let G ∈ Mod(k T ). We will construct morphisms
To define ξ, let ϕ : F → G and U ∈ Op(X). Then the morphism ξ(ϕ)(U ) :
On the other hand, let ψ : F → ρ −1 G and U ∈ T . Then the morphism ϑ(ψ)(U ) : F (U ) → G(U ) is defined as follows
By construction one can check that the morphism ξ and ϑ are inverse to each others. Then (i) follows from the chain of isomorphisms
To show (ii), consider the following sequence of isomorphisms
where the second isomorphism follows from Proposition 2.3.
2 Proposition 2.3.4 The functor ρ ! is exact and commutes with lim − → and ⊗.
Proof. It follows by adjunction that ρ ! is right exact and commutes with lim − → , so let us show that it is also left exact. With the notations of Proposition 2.3.3, let F ∈ Mod(k X ), and let F ∈ Psh(k T ) be the presheaf U → lim − → U ⊂⊂V Γ(V ; F ). Then ρ ! F ≃ F ++ , and the functors F → F and G → G ++ are left exact. Let us show that ρ ! commutes with ⊗. Let F, G ∈ Mod(k X ), the morphism
by Proposition 2.3.3 (i). Since ρ ! commutes with lim − → we may suppose that F = k U and G = k V and the result follows from Proposition 2.3.3 (ii). 2
Proposition 2.3.5 The functor ρ ! is fully faithful. In particular one has
Proof. For F, G ∈ Mod(k X ) by adjunction we have
This also implies that ρ ! is fully faithful, in fact
2
Finally let us consider sheaves of rings in Mod(k T ). If A is a sheaf of rings in Mod(k X ), then ρ * A and ρ ! A are sheaves of rings in Mod(k T ).
Let A be a sheaf of unitary k-algebras on X, and let A ∈ Psh(k T ) be the presheaf defined by the correspondence T ∋ U → lim − → U ⊂⊂V Γ(V ; A). Let F ∈ Psh(k T ), and assume that, for V ⊂ U , with U, V ∈ T , the following diagram is commutative:
In this case one says that F is a presheaf of A-modules on T .
Proposition 2.3.6 Let A be a sheaf of k-algebras on X, and let F be a presheaf of A-modules on X T . Then F ++ ∈ Mod(ρ ! A).
Proof. Let U ∈ T , and let r ∈ lim − → U ⊂⊂V Γ(V ; A). Then r defines a morphism 
T -flabby sheaves
Definition 2.4.1 We say that an object
It follows from the definition that injective sheaves are T -flabby.
Proposition 2.4.2 The following hold: (i) Let F i be a filtrant inductive system of T -flabby sheaves. Then lim − →
ii) Products of T -flabby objects are T -flabby.
Proof. We will only prove (i) since the proof of (ii) is similar since taking products is exact and commutes with taking sections. Let U ∈ T . Then for each i the restriction morphism Γ(V ; F i ) → Γ(U ; F i ) is surjective. Applying the exact lim − → i and using Proposition 2.1.3, the morphism
Proposition 2.4.3 The full additive subcategory of Mod(k T ) of T -flabby object is Γ(U ; •)-injective for every U ∈ T , i.e.:
(i) For every F ∈ Mod(k T ) there exists a T -flabby object F ′ ∈ Mod(k T ) and an exact sequence 0 → F → F ′ .
(ii) Let 0 → F ′ → F → F ′′ → 0 be an exact sequence in Mod(k T ) and assume that F ′ is T -flabby. Then the sequence
, and consider the exact sequence
Suppose that F ′ is T -flabby. Then F is T -flabby if and only if F ′′ is T -flabby.
Proof. (i) It follows from the definition that injective sheaves are T -flabby. So (i) holds since it is true for injective sheaves. Indeed, as a Grothendieck category, Mod(k T ) admits enough injectives.
(ii) Let s ′′ ∈ Γ(U ; F ′′ ), and let {V i } n i=1 ∈ Cov(U ) be such that there exists
Thus the induction proceeds.
(iii) Let U, V ∈ T with V ⊇ U and let us consider the diagram below
where the row are exact by (ii) and the morphism α is surjective since F ′ is T -flabby. It follows from the five lemma that β is surjective if and only if γ is surjective. 2
Theorem 2.4.4 Let F ∈ Mod(k T ). Then the following hold: (i) F is T -flabby if and only if the functor Hom k T (•, F ) is exact on Coh(T ).
ii) If F is T -flabby then the functor Hom k T (•, F ) is exact on Coh(T ).
Proof. (i) is a consequence of a general result of homological algebra (see Theorem 8.7.2 of [21] ). For (ii), let F ∈ Mod(k T ) be T -flabby. There is an isomorphism of functors
for each U ∈ T . By Theorem 2.2.5 and (i) the functor Hom k T ((•) U , F ) is exact on Coh(T ) and so the functor Hom k T (•, F ) is also exact on Coh(T ). 2
Theorem 2.4.5 Let G ∈ Coh(T ). Then the following hold: (i) The family of T -flabby sheaves is injective with respect to the functor
ii) The family of T -flabby sheaves is injective with respect to the functor
The second row is exact by Proposition 2.4.3 (ii), hence the top row is exact by the snake lemma.
(ii) Let G ∈ Coh(T ). It is enough to check that for each U ∈ T and each exact sequence 0 → F ′ → F → F ′′ → 0 with F ′ T -flabby, the sequence
is exact. We have
and, by (i) and the fact that G U ∈ Coh(T ) (Theorem 2.2.5 (ii)), T -flabby objects are injective with respect to the functor Hom k T (G U , •) for each G ∈ Coh(T ), and for each U ∈ T . 2
Proposition 2.4.6 Let F ∈ Mod(k T ). Then F is T -flabby if and only if Hom k T (G, F ) is T -flabby for each G ∈ Coh(T ).
Proof. Suppose that F is T -flabby, and let G ∈ Coh(T ). We have
F ) is exact on Coh(T ) by Theorems 2.2.5 (ii) and 2.4.4 (i). Suppose that Hom
Let us consider the following subcategory of Mod(k T ):
where F X T is the family of T -flabby objects of Mod(k T ). This category is generating, in fact if {U j } j∈J ∈ T , then ⊕ j∈J k U j ∈ P X T by Theorem 2.4.5 (and the fact that
and products are exact). Moreover P X T is stable by • ⊗ k T K, where K ∈ Coh(T ). In fact if G ∈ P X T and F ∈ F X T we have
and Hom k T (K, F ) is T -flabby by Proposition 2.4.6. In particular, if G ∈ P X T then G U ∈ P X T for every U ∈ Op(X T ). Proof. (i) Let G ∈ P X T and consider an exact sequence 0 → F ′ → F → F ′′ → 0 with F ′ T -flabby. We have to prove that the sequence
is exact. Since the functor Hom k T (G, •) is acyclic on T -flabby sheaves we obtain the result. Let F be T -flabby, and let 0 → G ′ → G → G ′′ → 0 be an exact sequence on P X T . Since the objects of P X T are Hom k T (•, F )-acyclic the sequence
(ii) Let G ∈ P X T , and let 0 → F ′ → F → F ′′ → 0 be an exact sequence with F ′ T -flabby. We shall show that for each U ∈ T the sequence
is exact. This is equivalent to show that for each U ∈ T the sequence
is exact. This follows since G U ∈ P X T as we saw above. The proof of the
The following assumptions are equivalent
Let X, Y be two topological spaces and let T ⊂ Op(X), Let F be T -flabby and let U, V ∈ T ′ with V ⊃ U . Then the morphism
Proposition 2.4.10 Assume that X is locally weakly quasi-compact. Let
where U ′ ⊃⊃ W , U ′ ∈ Op(X) and U ∈ T such that U ⊃⊃ W . We have the chain of isomorphisms
where U ∈ T , U ⊃⊃ W and V ∈ T . The first isomorphism follows from Proposition 2.3.2 and second one follows since for each U ⊃⊃ W , U ∈ T , there exists V ∈ T such that U ⊃⊃ V ⊃⊃ W . Let V, W ∈ Op c (X) with V ⊂⊂ W . Since F is T -flabby and filtrant inductive limits are exact, the morphism lim − →
T loc -sheaves
Let X be a T -space and let
Clearly, ∅, X ∈ T loc , T ⊆ T loc and T loc is closed under finite intersections.
Definition 2.5.1 We make the following definitions:
• a subset S of X is a T loc -subset if and only if S ∩ V is a T -subset for every V ∈ T ;
• a T loc -connected subset is a T loc -subset which is not the disjoint union of two proper clopen T loc -subsets.
Observe that if {S i } i is a family of T loc -subsets such that {i : S i ∩ W = ∅} is finite for every W ∈ T , then the union and the intersection of the family {S i } i is a T loc -subset. Also the complement of a T loc -subset is a T loc -subset. Therefore the T loc -subsets form a Boolean algebra.
One can endow T loc with a Grothendieck topology in the following way: a family {U i } i in T loc is a covering of U ∈ T loc if for any V ∈ T , there exists a finite subfamily covering U ∩ V . We denote by X T loc the associated site, write for short k T loc instead of k X T loc , and let
be the natural morphisms of sites.
Remark 2.5.2 The forgetful functor, induced by the natural morphism of sites X T loc → X T , gives an equivalence of categories
The quasi-inverse to the forgetful functor sends
Therefore, we can and will identify Mod(k T loc ) with Mod(k T ) and apply the previous results for Mod(k T ) to obtain analogues results for Mod(k T loc ).
X T loc has a countable cover {V n } n∈N with V n ∈ T , ∀n ∈ N. Proof. Suppose that F is T -flabby. Consider a covering {V n } n∈N of X T loc satisfying (2.4). Set U n = U ∩ V n and S n = V n \ U n . All the sequences
Mod(k T ) and U ∈ T loc . The converse is obvious. Proof. Take an exact sequence 0 → F ′ → F → F ′′ → 0, and suppose that F ′ is T -flabby. Consider a covering {V n } n∈N of X T loc satisfying (2.4). Set U n = U ∩ V n . All the sequences
are exact by Proposition 2.4.3, and the morphism Γ(
is surjective for all n. Then by Proposition 1.12.3 of [20] the sequence 
is surjective by Proposition 2.5.3. 2
Remark 2.5.6 An interesting case is when X is a locally weakly quasicompact space and there exists S ⊆ Op(X) with T = {U ∈ S : U ⊂⊂ X} satisfying (2.1).
Assume that X satisfies (1.7). Then X has a covering {V n } n∈N of X such that V n ∈ T and V n ⊂⊂ V n+1 for each n ∈ N. By Lemma 1.3.5 we may find a covering {U n } n∈N of X such that U n ∈ Op c (X) and U n ⊂⊂ U n+1 for each n ∈ N. By Lemma 2.3.1 for each n ∈ N there exists V n ∈ T such that U n ⊂⊂ V n ⊂⊂ U n+1 .
In this situation Proposition 2.5.3 and 2.5.4 are satisfied.
T -spectrum
Let X be a topological space and let P(X) be the power set of X. Consider a subalgebra F of the power set Boolean algebra P(X), ⊆ . Then F is closed under finite unions, intersections and complements. We refer to [1] for an introduction to this subject. The Boolean algebra F has an associated topological space, that we denote by S(F), called its Stone space. The points in S(F) are the ultrafilters on F. Recall that an ultrafilter of is a subset α of F such that
(ii) A ∩ B ∈ α if and only if A ∈ α and B ∈ α.
(iv) A ∪ B ∈ α if and only if A ∈ α or B ∈ α.
In order to put a topology on S(F), we consider S(F) as a subset of the powerset 2 F , identifying an ultrafilter α with its characteristic function 1 α : F → 2 = {0, 1}. We equip 2 with the discrete topology and 2 F with the product topology. By Tychonoff theorem, 2 F is compact Hausdorff. The topology on S(F) is the topology induced by the topology of 2 F . The topology on S(F) is generated by a basis of open and closed sets consisting of all sets of the form
where A ∈ F. The space S(F) is a compact totally disconnected Hausdorff space, such spaces are called Stone spaces. Moreover, for each A ∈ F, the subspace A is Hausdorff and compact.
Definition 2.6.1 Let X be a T -space and let F be the Boolean algebra of T loc -subsets of X (i.e. Boolean combinations of elements of T loc ). The topological space X T is the data of:
• the points of S(F) such that U ∈ α for some U ∈ T ,
• a basis for the topology is given by the family of subsets { U : U ∈ T }.
We call X T the T -spectrum of X.
With this topology, for U ∈ T , the set U is quasi-compact in X T since it is quasi-compact in S(F). Hence X T is locally weakly quasi-compact with a basis of quasi-compact open subsets given by { U : U ∈ T }. Note that if X ∈ T , then X T = X which is a spectral topological space.
Proof. Let us consider the functor
This defines a morphism of sites ζ :
. In this case, by Corollary 1.2.11 we have the isomorphisms
Then for V ∈ T we have
This implies ζ * • ζ −1 ≃ id. On the other hand, given α ∈ X T and G ∈ Mod(k X T ),
since { U : U ∈ T } forms a basis for the topology of X T . This implies
Examples
In this section we see some examples of T -sheaves. When T is the family of semialgebraic open subsets of a locally semialgebraic space we obtain the construction of [6, 7] , when T is the family of relatively compact subanalytic subsets of a real analytic manifold we obtain the subanalytic site of [23, 27] , in the case of a real vector bundle and conic subanalytic open subsets we obtain the conic subanaytic site, and when T is the family of open definable subsets of a locally definable space in a given o-minimal structure we obtain in the definable case the o-minimal site of [15] . The properties of T -sheaves studied in the previous section apply to these examples. Good references on o-minimality are, for example, the book [9] by Van Den Dries and the notes [4] by Coste. For semialgebraic geometry relevant to this paper the reader should consult the work by Delfs [6] , Delfs and Knebusch [7] and the book [3] by Bochnak, Coste and Roy, for subanalytic geometry we refer to the work [2] by Bierstone and Milmann.
The semialgebraic site
Let R = (R, <, 0, 1, +, ·) be a real closed field. A locally semialgebraic space is a ringed space (X, O X ) with a sheaf of locally semialgebraic functions which is locally isomorphic to open semialgebraic subspaces {(X i , O X i )} i∈I with their sheaves of semialgebraic functions. This means that:
(ii) there are injective maps φ i :
is open in φ i (X i ) and the transition maps φ ij :
i (x)) are semialgebaric homeomorphisms. If I is finite, then X is a semialgebraic space. A subset A of X is semialgebraic if and only if there is a finite I 0 ⊆ I such that A ⊆ i∈I 0 X i and for each i, φ i (A ∩ X i ) is a semialgebraic subset of φ i (X i ), and, a subset B of X is locally semialgebraic if and only if for each i, B ∩ X i is a semialgebraic subset of X. A map between (locally) semialgebraic spaces is (locally) semialgebraic if when it is read through the charts it is (locally) semialgebarci. Thus we have the category of (locally) semialgebraic spaces with (locally) semialgebraic continuous maps.
Let X be a locally semialgebraic space and consider the subfamily of Op(X) defined by T = {U ∈ Op(X) : U is semialgebraic}. The family T satisfy (2.1) and the associated site X T is the semialgebraic site on X of [6, 7] . Note also that: (i) the T -subsets of X are exactly the semialgebraic subsets of X ( [3] ); (ii) T loc = {U ∈ Op(X) : U is locally semialgebraic} and (iii) the T loc -subsets of X are exactly the locally semialgebraic subsets of X ( [7] ).
For each F ∈ Mod(k T ) there exists a filtrant inductive system
The subcategory of T -flabby sheaves corresponds to the subcategory of saflabby sheaves of [6] and it is injective with respect to Γ(U ; •), U ∈ Op(X T ) and Hom k T (G, •), G ∈ Coh(T ). Our results on T -flabby sheaves generalize those for sa-flabby sheaves from [6] .
We call in this case the T -spectrum X T of X the semilagebraic spectrum of X. The points of X T are the ultrafilters α of locally semialgebraic subsets of X such that U ∈ α for some U ∈ Op(X T ). This is a locally weakly quasicompact space with basis of quasi-compact open subsets given by { U : U ∈ Op(X T )} and there is an equivalence of categories Mod(k T ) ≃ Mod(k X T ). When X is semialgebraic, then X T = X, the semialgebraic spectrum of X from [5] , and there is an equivalence of categories Mod(k T ) ≃ Mod(k X ) ( [6] ).
The subanalytic site
Let X be a real analytic manifold and consider the subfamily of Op(X) defined by T = Op c (X sa ) = {U ∈ Op(X sa ) : U is subanalytic relatively compact}. The family T satisfies (2.1) and the associated site X T is the subanalytic site X sa of [23, 27] . In this case T loc -subsets are the subanalytic subsets of X.
The family Coh(T ) corresponds to the family Mod c R-c (k X ) of R-constructible sheaves with compact support, and for each F ∈ Mod(k Xsa ) there exists a filtrant inductive system
The subcategory of T -flabby sheaves corresponds to quasi-injective sheaves and it is injective with respect to Γ(U ; •), U ∈ Op(X sa ) and Hom k Xsa (G, •) ,
We call in this case the T -spectrum X T of X the subanalytic spectrum of X and denote it by X sa . The points of X sa are the ultrafilters of subanalytic subsets of X such that U ∈ α for some U ∈ Op c (X sa ). Then there is an equivalence of categories Mod(k Xsa ) ≃ Mod(k Xsa ).
Let U ∈ Op(X sa ) and denote by U Xsa the site with the topology induced by X sa . This corresponds to the site X T , where T = Op c (X sa ) ∩ U . In this situation (2.1) is satisfied.
The conic subanalytic site
Let X be a real analytic manifold endowed with a subanalytic action µ of R + . In other words we have a subanalytic map
which satisfies, for each t 1 , t 2 ∈ R + :
Denote by X R + the topological space X endowed with the conic topology, i.e. U ∈ Op(X R + ) if it is open for the topology of X and invariant by the action of R + . We will denote by Op c (X R + ) the subcategory of Op(X R + ) consisting of relatively weakly quasi-compact open subsets.
Consider the subfamily of Op(X R + ) defined by T = Op c (X sa,R + ) = {U ∈ Op c (X R + ) : U is subanalytic}. The family T satisfies (2.1) and the associated site X T is the conic subanalytic site X sa,R + . In this case the T loc -subsets are the conic subanalytic subsets.
The subcategory of T -flabby sheaves is injective with respect to Γ(U ; •), U ∈ Op(X sa,R + ) and Hom k X sa,R + (G, •), G ∈ Coh(X sa,R + ).
We call in this case the T -spectrum X T of X the conic subanalytic spectrum of X and denote it by X sa,R + . The points of X sa,R + are the ultrafilters α of conic subanalytic subsets of X such that U ∈ α for some U ∈ Op c (X sa,R + ). Then there is an equivalence of categories Mod(k X sa,R + ) ≃ Mod(k X sa,R + ).
The o-minimal site
O-minimal structures are a class of ordered structures which are a model theoretic (logic) generalization of interesting classical structures such as:
• R = (R, <, 0, 1, +, ·) -the field of real numbers;
• R an = (R, <, 0, 1, +, ·, (f ) f ∈an ) -the field of real numbers expanded by restricted globally analytic functions, i.e, functions which are zero outside a compact box and are given by the restriction of a power series converging on a neighborhood of that box ( [8] ).
More precisely, an ordered structure
is o-minimal if every definable subset of M in the structure is already definable in the ordered set (M, <). Given an o-minimal structure, we are interested on the geometry of its (locally) definable spaces. The model theoretic language allows a uniform development of o-minimal geometry in non-standard o-minimal structures. Concrete non-standard ominimal structures are:
• R((t Q )) = (R((t Q )), <, 0, 1, +, ·) (or any ordered real closed field);
• R((t Q )) an = (R((t Q )), <, 0, 1, +, ·, (f ) f ∈an )
where R((t Q )) is the field of power series with well ordered supports on which every restricted globally analytic function f ∈ an can be interpreted in a canonical way ( [10] ).
There are many important o-minimal expansions M = (R, <, 0, 1, +, ·, (f ) f ∈F )
of the ordered field of real numbers. For example R an , R exp , R an, exp , R an * , R an * , exp see resp., [8, 30, 11, 13, 14] . For each such we have 2 κ many nonisomorphic non standard o-minimal models for each κ > cardinality of the language. There is however a non-standard o-minimal structure which does not came from a standard one ( [24, 18] ). O-minimal geometry include the geometry of all those (standard) tame analytic structures but it goes beyond and includes also a generalization of PL-geometry: Any ordered vector space over an ordered division ring
is an o-minimal structure and its definable sets are the piecewise linear sets with respect to the ordered division ring D ( [9] ).
Let M = (M, <, (c) ∈C , (f ) f ∈F , (R) R∈R ) be an arbitrary o-minimal structure. A locally definable space is a space (X, O X ) with the sheaf of locally definable functions which is locally isomorphic to open definable subspaces {(X i , O X i )} i∈I with their sheaves of definable functions. This means that:
(i) X = i∈I X i ;
(ii) there are injective maps φ i : X i → M l i such that φ i (X i ) is a definable subset of M l i ;
(iii) for all j, φ i (X i ∩ X j ) is open in φ i (X i ) and the transition maps φ ij :
i (x)) are definable homeomorphisms. If I is finite, then X is a definable space. A subset A of X is definable if and only if there is a finite I 0 ⊆ I such that A ⊆ i∈I 0 X i and for each i ∈ I 0 , φ i (A ∩ X i ) is a definable subset of φ i (X i ), and, a subset B of X is locally definable if and only if for each i, B ∩ X i is a definable subset of X. A map between (locally) definable spaces is (locally) definable if when it is read through the charts it is (locally) definable. Thus we have the category of (locally) definable spaces with (locally) definable continuous maps.
Let X be a locally definable space and consider the subfamily of Op(X) defined by T = Op(X def ) = {U ∈ Op(X) : U is definable}. The family T satisfies (2.1) and the associated site X T is the o-minimal site X def of [15] . Note also that: (i) the T -subsets of X are exactly the definable subsets of X (by the cell decomposition theorem in [9] , see [15] Proposition 2.1); (ii) T loc = {U ∈ Op(X) : U is locally definable} and (iii) the T loc -subsets of X are exactly the locally definable subsets of X.
Set Coh(X def ) = Coh(T ). For each F ∈ Mod(k X def ) there exists a filtrant inductive system {F i } i∈I in Coh(X def ) such that F ≃ lim − → i ρ * F i .
The subcategory of T -flabby sheaves (or definably flabby sheaves) is injective with respect to Γ(U ; •), U ∈ Op(X def ) and Hom k X def (G, •), G ∈ Coh(X def ).
We call in this case the T -spectrum X T of X the definable or o-minimal spectrum of X and denote it by X def . The points of X def are the ultrafilters α of the Boolean algebra of locally definable subsets of X such that U ∈ α for some U ∈ Op(X def ). This is a locally weakly quasi-compact space with basis of quasi-compact open subsets given by { U : U ∈ Op(X def )} and there is an equivalence of categories Mod(k X def ) ≃ Mod(k X def ). When X is definable, then X def = X, the o-minimal spectrum of X from [25, 15] , and there is an equivalence of categories Mod(k X def ) ≃ Mod(k X ) ( [15] ).
Finally observe that since:
(i) an ordered real closed field R = (R, <, 0, 1, +, ·) is an o-minimal structure and semialgebraic sets in R are exactly the definable sets in R, a locally semialgebraic space X is a locally definable space in R and the semialgebraic site on X is the o-minimal site X def on X in R;
(ii) a real analytic manifold X is a locally definable space in the o-minimal structure R an = (R, <, 0, 1, +, ·, (f ) f ∈an ) and the open relatively compact subanalytic subsets are open definable subsets in R an , the subanalytic site X sa on X is the o-minimal site X def on X in R an .
